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Abstract 
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1. Introduction and preliminaries 

In 1912, S.N. Bernstein [1] introduced the following sequence of operators Bn : (^[0,1] -A C[0,1] defined 
for any n G N and for any function / G (^[0,1], 

= xelo.i]. (1.1) 

k=0 ^ ^ ' 

Later various generalizations of these operators were discovered. It has been proved as a powerful tool 
for numerical analysis, computer aided geometric design and solutions of differential equations. In last 
two decades, the applications of g-calculus has played an important role in the area of approximation 
theory, number theory and theoretical physics. In 1987, Lupas [6] and in 1997, Phillips [16] introduced a 
sequence of Bernstein polynomials based on g-integers and investigated its approximation properties. Sev¬ 
eral researchers obtained various other generalizations of operators based on g-calculus. For any function 
/ G C[0,1] the g-form of Bernstein operator is described by Lupas |H| as 


Ln,q{f) x) ^ ^ 


n 

k 


k=0 


gk{k—l)/2^kl^-^ _ ^'^n—k 

YYJZii^-x + q^x) ^ 


[kZ 


n\ 


X G [0,1]. 


( 1 . 2 ) 
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In 1932, Chlodowsky [3] presented a generalization of Bernstein polynomials on an nnbounded set, known 
as Bernstein-Chlodowsky polynomials given by, 

B„(/,x) = g/(\)(’;)(^) (l-^) , 0<.<6„, (1.3) 

where bn is an increasing sequence of positive terms with the properties —)■ cx) and — —)■ 0 as n —>■ cx). 

In 2008, Karsh and Gupta [5] expressed the g-analogue of Bernstein-Chlodowsky polynomials by 


Cn{f;q]x) = 


n 

k 


kn—k—1 




s=0 


[k]g, 


n 


0 < X < bn, 


(1.4) 


k=o -‘1 

where bn is an increasing sequence of positive values, with the properties —)■ cx and ^—)■ 0 as n —)■ cx). 


Recently, Mursaleen et ah mum proposed and analysed approximation properties for (p, q) analogue of 
Bernstein operators , Bernstein-Stancu operators and Bernstein-Schurer operators. Besides this, we also 
refer to some recent related work on this topic: e.g. (sa, lEi, ca. ca. dh). Now, we recall certain 
notations of (p, g)-calculus. 

For 0 < g < p < 1, the (p, q) integer [n]p ^ is described by 


(p, q) factorial is expressed as 

• • • 1. 

(p, q) binomial coefficient is expressed as 


n 

k 



\n 


p,q- 


[/c]p^g![n k]p^q\ 


(p, q) binomial expansion as 


{ax + byYp^q := Y 


k=0 


n 

k 


a^-H^x^-kyk. 


p,q 


{x + y)p,q ■■= {x + y){px + qy){p X + q y)... {p^ x + q^ y). 


In 2015, Mursleen et al [TO], investigated (p, g) form of Bernstein-Stancu operator, which is given by 


Si^’^\f-,x,p,q) = -^^^Y 

P 2 


k=0 


n 

k 


k(k-l) , 

P 2 X 


n+m—k—1 


JJ (p* - q-^x)f 


p,g 


s=0 


P^ ^[k]p,q + a 


(1.5) 


where a, {3 are non-negative integers and / G G[0,1], x G [0,1] and 0 < a < /?. 
For the hrst few moments, we have the following lemma: 
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Lemma 1. (See \T0^ ) For the Operators S^’^\ we have 

1 . = 1 , 


2. St’^\t-,x,p,q) = 

3. S'C’^\t^]X,p,q) = 


[n]p,qX + a 

Np,9 + ^ ’ 

1 

n\p,q + py 


:(?Wp,g[^ - + Np,<7(2a + p” ^)x + a^). 


2. Construction of the operators 

Considering the revised form of (p, g) analogue of Bernstein operators (see [S]), we construct the 
Chlodowsky variant of (p, q) Bernstein-Stancu-Schurer operators as 




n(7i —1) 


p- 


n+m 

k=0 


n + m 
k 


(f )/ ). (2.1) 

V^n/ bn \ [n\p,q + P 


where n G N, m, a,/? G No with 0<a</d, 0<x<6„, 0<g<p<l. Evidently, C^m'^ is a linear 


and positive operator. Consider the case, if p, g —>■ 1 and m = 0 in (2.1), then it will reduce to the 
Stancu-Chlodowsky polynomials |1]. 

To begin with, we obtain the following lemma, which will be used throughout the paper. 


Lemma 2. Let {f]x,p,q) be given by The first few moments of the operators are 

(i) &n,i\l]X,p,q) = 1, 


ii) Cyf£\t;x,p,q) = 


[n + m]p^qX + abn 

Np,g + 

(Hi) Ci((£\F-,x,p,q) = - ^^^{q[n + m]p^q[n + m - l]p^qx‘^ + [n + m]p^q{2a + p"-~^)bnX + a'^bl), 


(iv) Cyf£\{t - x);x,p,q) = 

(v) 


iMp,q + Py' 

n + m]p^q 


[^]p,q + 


- 1 X + 


ab„ 


Wp,i? 


C(c£\{t-xr-,x,p,q) = 1 


^ [n + m]p^q ^ q[n + m]p,q[n + m - l]p,q 


{[n]p,q +(3) 


(2a+ p” ^)[n + m]p^q ^ 

(Np,. + /9) 


{[n]p,q + (3y 

bn 


-X + 


a^bl 


p,g + /3) (Np,g + /^)" 


Proof, (i) 


cy"(;i\i;x,p,q) = 


n(n—1) 


p- 


n+m 

k=0 


n + m 
k 


fc(fc-l) 

P 2 







k n+m—fc—1 

n (p'-+)=i. 

s=0 ” 
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(ii) 


n+m r 


c'n"™ ^ p, q) = Y1 

P 2 


n + m 


k=Q 
n+m— 1 


n + m 
A; 


fc (n+m-fc-l) , n-fcr/l 

^Mtn I” X'j jj /■ p” *[*:]„ + a, 


P ,1 


IP><? 


E 


P^(|nk, + /3) 


n + m — 1 
k 



n(n —1) 

P 2 


n+m r 

E 

A:=0 


n + m 
k 


fc(fc-i) / X 

P 2 


_ n + m]p,g 1 
[n + m] 


-I p,g 

n+m—1 r 



k(k+l) f X 

P ' [h 

^ (n+m—fc—1) 

n (p 

5 = 0 


5=0 

^_l_l (n+m—fc—2) 


n (p*- 




Np,9 + 

br 


S = 0 


P 


■ fc+l 




X 


a 


p- 

++Z+1+M_x + 

( p^q “1“ /3) ( 7^ H“ /3) 


E 

fc =0 


n + m — 1 
k 


p,g 


fc(fc-i) / a; 

P 2 



bn \ [^]p,g P 

k n+m—fc—2 


n (p--+)+ 


Q;6r 


s=0 


bn ( "1“ /3) 


abr 


111 



2 

P><? 


+ P 


,2k 


n+m 

++ ^ 
A:=0 


n + m 
k 


p,q 


fc(fc-i) / a; 

P 2 



(n+m—fc—1) 




1 

1 

to 

{[n]p,q + (3f 



5 = 0 
n+m—1 r 


n + m]p,qbl 


^ n+m—1 

+ nin-i) Mn + m]p,gbl Y 

P 2 


A:=0 


k=0 

n + m — 1 
k 


n + m — 1 
k 


P:9 


fc(fc+i) / a; 

P " r 



k-\-l (n+m—fc—2) 


n (p - 


Q' 


X [k + l]p, 


p,g 


s=0 


bn 


/ \ fc+l (n+m-fc-2) 

fe(fe+i) / a; \ TT / , 9 2;, 1 

r n (p - 9 '-)^rTTT+a+ 

P:? V 0=0 


P^ 


bn 


2 + 
n 


Now using [A; + l]p,g = p^ + 5 '[A;]p,q, we will achieve the result. 
Using linear property of operators, we have 



x);x,p, q) 


C'i"™ ^(^; X, p, q) - xCl^^i\l-X, p, q) 
f [n + m]p^q _ a; + 

\ Wp,g + 13 ) 

Wp,a + (3 


Hence, we get (iv). 
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Similar calculations give 

a;, p, q) = (f- X, p, q) - 2xCl^£'^ {t; x, p, q) + (1; x, p, q). 

Substituting the resluts of (i),(ii) and (iii), we prove the result (v). 

Lemma 3. For every fixed p,q E (0,1), we have 

'(p" + g")[m]p,q - ^ 


□ 


[n + m]p,g[n + m- l]p,. _ [n + n^ 

(["k, + «" ’ l"U + /3 - 

Proof. Since [n + rn]p^g[n + m — l]p_g < [u + rn]pg, we get 




[n + m]p^q[n + m - l]p^q Jn + m]p^q + mjp^g 


(Np,g + /^)" 


'-q-2 


[^]p,q + 


+ 1 < 




([n]p,q + /3)2 
1 

(Wp,q + 

1 

(Wp,p + /^)^ 


pTL+m _ gn-\-m pTi _ gU 


p-q 


p-q 


/S 


(pn ^ qn^(^pm _ 


p- g 


-/5 


(p” + g”)Np,g-/^ 


g"(l -p”^) +p”(l - g”*) 


< 


((p" + g^)[m]p,g -/3)^ 
(Np.9 + 


p-q 

since, 0 < g < p < 1. 


□ 


Remark 1. a result of Lemma^ and[^ we have 

Ct£> + d" + 


(Wp,9 + /^)" 


n—1> 


([^]p,q + /^) 


— 2q; 


b„.x 




2u2 


a^h 


(Np,g + i^y 

Lemma 4. Taking supremum on [0, 6„] on Second central moment, we get 


r^(a.0)fu ^2 ^ / 1,2 / Hp'^ + ?”)Hp,9 - /^) 

CL,£\it-x) ;x,p,q)<bj - ^^nU + (3y 


2 [u + m]p,g(2a+p'^ 


2q; 


(Np,g + /^)" 


(Wp.9 + /^) 


a 


(Np,g + /^)" 


3. Korovkin-type approximation theorem 

Assume Cp is the space of all continuous functions / such that 

\fix)\ < Mp{x), — oo < X < oo. 
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Then Cp is a Banach space with the norm 



sup 

— oo<a:<oo 


l/(a^)l 

p{x) 


The subsequent results are used for proving Korovkin approximation theorem on unbounded sets. 

Theorem 1. (See f^) There exists a sequence of positive linear operators Un, acting from Cp to Cp, 
satisfying the conditions 

(1) lim„^oo \\Un{T,x) - l||p = 0, 

(2) lim„^oo \\Un{(i)]x) - (fWp = 0, 

(3) lim„^oo \\Un{4>'^]x) - (jP'Wp = 0, 

where 0(x) is a continuous and increasing function on {—oc, oo) such that lima-^j-oo = ±oo and 

p{x) = 1 + (j)^, and there exists a function f* G Cp for which lim^^oo \\Unf* — f*\\p > 0. 

Theorem 2. (See J^) Conditions (1),(2),(3) of above theorem implies that 


lim \\Unf - /lip = 0 

n^oo 

for any function f belonging to the subset := {/ G (Tp : lim\x\^ao^-jl0- is finite} . 
Consider the weight function p{x) = 1 + and operators: 

Un;^if-,x,p,q) = 

Thus for / G we have 


Cn;i{f-,x,p,q) ifxG[0,6„], 
f{x) if X G [0,cx))/[0,6„]. 


Ilrra,/3^r Ml/ , f{x) 

\\Unfn{fr,P,q)\\< sup -——^- + sup ^ 

’ 1 + X^ b„<x<oc 1 + X^ 


XG[0,bn 


< 


1+x^ 


sup 

xg[0,oo) 


bn<X<00 

1 + X^ 


+ 1 


Now, using Lemma we will obtain, 

if 0 < 9 < p < 1, ^ ^ iV, iV < oo and lim„^oo ^ ^ 0- 

Theorem 3. For all f G we have 

lim \\Kt{fF,Pn,qn) - f{-)\\i+x^ = 0 


provided that p := (p)n,<? := (<?)n with 0 < qn < Pn < l,lim„^ooPn = l,lim„^oogn = l,hm„^ooPn = 
lim„^oo qH = N,N < oo, limn^oo[n]p„,q^ = oo and lim^^oo h = 
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Proof. Using the results of Theorem and Lemma (OXii) (iii), we will achieve the following assess¬ 
ments, respectively: 


sup 

a;S[0,oo) 


1 + 


sup 

0<x<b„ 


1 + 


0 


sup 

3;g[0,oo) 


\Un;mit',X,Pn,qn) - t\ 
1 + x'^ 


sup 

0<x<b„ 


\Cn;mit',X,Pn,qn) -X 
1 + x'^ 


< sup 

0<x<b„ 


[u + nr]p„,g„ ^ 

X + 


abn 

[n 

Pn,qn T y 

n 

Pn,qn T y 

1 + x"^ 


< 


[n + m]p^,qn _ ^ 


+ 


abn 


T]pn,<?n + /3 


^ 0 


and 


sup 

a;S[0,oo) 


\Un;iit‘^-,X,Pn,qn) - 


1 -f 


= sup 

0<x<br 


\Cn:iif]X,Pn,qn) - X^ 
1 -I- a;2 


< sup 


{qn[n + m]p„,g„[n + m- l]p„,g„x^ + [n + m]p„,g„(2a + p” ^)b^x + a%l) 


< 


0<;r<6n 1 “1“ 

{qn[n + + m - l]p„^g„ 


- 1 


+ 


{[n]p„,q„ + py 

[n + m]p^,qA2a + p^-y 


— X 


a 


(Npn,9n + yy (Wp„,<?n + yy (Npn,<7n + 

whenever n —)■ cxd, because we have lim„^ooPn = hm„^oo = 1 and limn^oo[n\pn,qn = C )0 as n —)■ oo. □ 

Theorem 4. Assuming c as a positive and real number independent of n and f as a continuous function 
which vanishes on [c, oo). Let p := {pn),q ■= (qn) with 0 < < p„ < l,hm„^ooPn = hm„^oo <?n = 

1, lim„_^ooPn = linin->-oo qn = N < oo and lim„^oo = 0. Then we have 

lim sup \Cy^^{f]X,Pn,qn) - f{x)\=0. 




Proof. From the hypothesis on /, it is bounded i.e. |/(a;)| < M [M > 0). For any e > 0, we have 


/ 


[n]p.,q.+y ^ 


< e 


2M fpl-yk]p„,q„ + a^ 


V [n]p„,q„ + y 


where x G [0, 6„] and 6 = 6{e) are independent of n. Operating with the operator 2.1 on both sides, we 
can conclude by using Theorem and Lemma 


sup \Cyi{f;x,Pn,qn) - f{x) \ <e+‘^bl- 


0<x<h 


^ _ o [u + ni]pn,gn ^ + nr]p„,g„[n + m - l]p„,g„ 


iMpr.,qn+y) 


{VAp^,q^+yy 


+ 


{2a+pl + 


([u]p„,(Jn y) 


+ 


a 


([u]p„,g„+/5) {[n]p„,q^pyy 
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Since 


0 as n —)■ cx), we have the desired result. 


□ 


bl ^ 

Wpn,9n 


4. Rate of Convergence 

We will hnd the rate of convergence in terms of the Lipschitz class Lip at ( 7 ), for 0 < 7 < ! 
that Cb[0,cx)) denote the space of bounded continuous functions on [0, cx). A function / G 
belongs to LipM^l) if 

\f{t) - f{x)\ < M\t - x\'^, t,xe[0,oo) 

is satished. 


Theorem 5. Let f G LipM^j), then 

where - xf-,x,p,g). 

Proof. Since / G LipMi'j), ^rid the operator C^’^{f;x,p,q) is linear and monotone, 


\Cn:iif;x,p,q) - f{x)\ = 


n(n—1) 


p- 


n+m r 

E 

fc =0 


n + m 
k 


k(k-i) ( X 

p 2 


P.9 



/j (n+m—k—l) 


n ip‘- 


X 


s=0 


f 


L” ^Wp,9 + tt, 




— ri(n—1) 

p 2 


< M 


n+m r 

E 

fc =0 


n + m 
k 


k(k-i) ( X 

p 2 


Wp.9 fo 

^ (n+m—/c—1) 

n V - 


P.9 



(»-l) 
P 2 


n+m p 

E 

k=0 


n + m 
k 


fc(fc-i) / X 

p 2 

p,<i 



s=0 

(n+m—k—1) 


n (l" - q" 


X 


s=0 


+ ^Wp.9 + Q ^ 

[r^]p.9 A /3 

+~^Wp.9 + 
n]p.9 + /3 


Using Remark (1) and Holder’s inequality with the values p = | and q = 2 ^, we get 


IQm(/;uL,g) - /(+I 

n+m r 


M 

— n(n —1) 

p 2 


E 

A:=0 


n + m 
k 


fc(fc-i) / a; 

p 2 


P.9 



(n+m-fc-l) 


X ■ 


< M 


n(n —1) 


_p- 


n+m 

E 

fc=0 


n + m 
A; 

n + m 
k 


fc(fc-i) / a; 
p 2 


P.9 



n (l" - q" 

s=0 

^ (n+m—fc—1) 


^ + ^[fc]p,9 + Q i 

Wp.9 fo 


bn) - 


n (l" - q' 


X 


2 - 7 . 

2 


s=0 


fc(fc-i) / a; 

p 2 


n(n —1) 

P 2 




n+m r 

E 

fc =0 



(n+m—/c—1) 


n (p' 




X f fp^ [+.9 + «i 


n + m 
A; 


s=0 

fc(fc-i) f X 
P 2 


+ P.9 + 


P.9 



(n+m—fc—1) 


n (l" - g" 


s=0 


JP.9 

a; 

b„. 


2-7 . 

2 


. Assume 
Cb[ 0, cx) 


- /+) 

7 

— a; . 



X 


tsip 



< M {\n,p,q{x))i. 


□ 

In order to obtain rate of convergence in terms of modulns of continnity u{f]6), we assnme that for 
any / G cx)) and x > 0, modnlus of continnity of / is given by 

u{f]6) = ma^ \f{t) - f{x)\. (4.1) 

£,xG[0,oo) 


Thns it implies for any 5 > 0 


\fix) - f{y)\ < a;(/; 5) . 

Theorem 6. If f G cxd), we have 


(4.2) 


- f(x)\ < 2u}(f-,f\lflx)), 

where uj{f; ■) is modulus of continuity of f and \n,p,q{x) be the same as in Theorem^ 
Proof. Using triangnlar inequality, we get 


- f{x)\ = 


n(n—1) 


p- 


n + m 
k 


fc(fc-i) / X 
P 2 


n+m r 

E 

fe=0 

/ (I - /(X) 





^ (n+m—/c—1) 


n (p‘ - 9* 


X 


s=0 


— ri{n —1) 

P 2 


n+m 

E 

k=0 


n + m 
k 


^ (n+m—/c—1) 


P,q \ n/ s=o 


+ [fc]p,g + « ^ 

[n]p,q + P 


/(+ 


Now using (4.2) and Holder’s inequality, we get 


-/(+I 


n(n—1) 


p- 


n+m r 

E 

fc =0 


n + m 
k 

n+m r 


fc(fc-i) / X 
P 2 


P,<? 



(n+m—fc—1) 


<+/+)- 




n(n —1) 


E 


k=0 


n + m 
k 


k(k-l) [ X 
P 2 


p,q 



n (p’ - 1 ‘ 

s=0 

/j (n+m—fc—1) 




+ + a 


n]p,q + /3 


b„. - X 


+ 1 u;{f;6) 


n (p' “ 


n+m r 


, 1 
' X n(n-l) / j 


P 


k=0 


n + m 
k 


fc(fc-i) / X 
P 2 

p,q 



s=0 

/j (n+m—fc—1) 


I ^ 


n (p‘ - 9' 


X 


s=0 


+ [^]p,g + « 




b„. - X 
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— + 


1 


5 


n(7i —1) 


.P^ 


n + m 
k 


n-\-m r 

fc =0 


k(k-l) ( X 
P 2 


P,<1 



/j (n+m—k—l) 


s=0 


n (p'-if) 

{Jri 


1 

2^2 


K. - X 


= u 


{f]6) + {C'"^((^-x)2;x,p,g)}^^^ 


Now choosing 5 = Xn,p,q{^) in Theoremwe have 

\Cn:iif;x,p,q) - f{x)\ < 2w(/; Xn,p,q{.x)). 


□ 


Next we calculate the rate of convergence in terms of the modulus of continuity of the derivative of 
function. 

Theorem 7. If f{x) has a continuous bounded derivative f (x) and u{f'; 6) is the modulus of continuity 
of f (x) in [0,^4], then 




M 


[n + m]p^g _ ^ 


[n]p,q + /3 


A + 


abr, 


[n]p,q + /3 




where M is a positive constant such that \f'{x)\ < M. 
Proof. Using Mean Value Theorem, we have 


/ 


[n]p,ij + (I 


K - fix) = 


Wp,g + « 

P'^~^[k]p,q + a 


bn-x) f'iO 


bn-x] /(x) + 


P"" [k]p,q + <X, 
['n]p,q + /3 


bn-x] (/(O -/(a:)), 


where is a point between x and ^ using the above identity, we get 


Cn’lif;x,p,q) - fix) 


= fi^)- 


1 


n(n—1) 


p- 


n+m 

E 


A:=0 


n + m 
k 


k{k-l) ( X 
P 2 


+ 


n(n —1) 


p- 


n+m p 

E 

k=0 


n + m 
k 


-I p,q 

fc(fc-i) / X 
P 2 



/j (n+m—fc—1) 


n (p‘ - 9’ 


P.9 



s=0 
k (n+m-fc-l) 


X ^ f P^ ^[k]p^q + a 

[nLq + (5 


br,. - X 


H > 


n (p - 


s=0 


X ^ ^[k]p^q + a j 

+\p,q + fl 


bn-x] (/(O -/+))■ 


Hence, 

\Cn;iif-,x,p,q) - fix)\ 
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< \fix)\\C^;i{{t-x);x,p,q)\ 


+ 


p- 


< M 


n(n—1) 


n+m 

k=0 


n + m]p^, 


n + m 
k 


p><? 


fc(fc-i) / X 
P 2 



^ (n+m—/c—1) 


n (p‘ - 1 ‘ 


n+m r 




. Oibn 

A + 


p- 


< M\ 
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n(n—1) 


E 

fc =0 


n + m 
k 


p,<i 


p,q ~k /3 


fc(fc-i) / X 
P 2 



s=0 


^ (n+m—/c—1) 


X 

bn 




+ p,q + 


b„ — X 


1/(0-/+) I 


n (p* “ 




s=0 




+ p,q + /3 


bn — X 


1/(0-/(/I 


n + m]p,g 


1 


n(n—1) 




[n]p,q + /3 

n+m r 

E 

k=0 


A + 


ab„ 


n]p^q + /3 



X 


+ [0p,<? + « 


p,q “I” 


bn — X 


Since 


1^ -a:| < 


+ ^[0p,<? + « 


p,<; “1“ /3 


bn — X 


Using it, we have 

IQm(/;a^,p,0 - /(/I 


< Ml 


n + m]p,g 
n]p^q +13 


- 1 


A + 


abn 


+ p,q ~k 13 


n+m 




p 

c ^(/;0 1 


5 


p- 


n(n —1) 


k=Q *- 
n+m 

E 

fc=0 


n + m 
k 

n + m 
k 


p,<i 


p,<i 



(n+m—k—l) 

n (p' - 

s=0 

^ (n+m—fc—1) 

n (p" “ 

s=0 


bj 

, a; 


+ [0p,<? + « 


[0p,(j "h (3 
P^~^[k]p,q + a 

n]p^q + /3 


bn-X 


bn — X 


Now using Cauchy-Schwarz inequality for the second term, we obtain 

\Cn:L{f-,x,p,q) - f{x)\ 

[n + m]p^q 


< M 


n]p^q + {3 


- 1 


A + 


+ ; b) 


1 


n(n —1) 




n+m r 

E 

A:=0 


abn 
[n]p,q + (3 

n + m 

k 

' p,q 


k(k-i) f X 

P 2 



^ (n+m—fc—1) 


n (p" “ 


X 


s=0 


+ [0p,<7 + « 


p,q 1-3 


bn — X 


1/2 
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/ n' T n+m r 

1 

n(n-l) / j 




V 


k=0 


n + m 
k 


fc(fc-i) / X 
P 2 


P><? 



(n+m—k—l) 


n (p" ~ ^ 


s=0 


I ^ 

kr). 


[k]p,q + a 


^ p,q “1“ (b 


b„ — X 


= M 


[n + m]p^q _ ^ 


n]p^q + /3 


A + 


abr, 


n]p^q + /3 


+ s)\/ Cn’Aiit - xY; x,p, q) + xf;x,p,q). 


Using Remark (1), we see 


sup Cl^^i\{t-xf]x,p,q) 

0<x<A 


< sup 

0<x<A 


((p’^ + g’^)[m]p,q-/3)2\ 2 

{[n]p,q + ^Y ) 
a%l 


n + m]p^q{2a + p"^ 

( ujp.g + /3) 


— 2a 


b„x 


{[n]p,q + /3) 


([u]p,g + P)^ 


< 


((p^ + g^)[m]p,g-/3)- , 2 , 

i[n]p,q + Py ' 


n + m]p^q{2a + p"' 


{[n]p,q + P) 


2a 


bn A 


{[n]p,q + P) 


a%l 


( U. p,q R PP 


Bn,p,q (*U, /3). 

Thus, 

\Cn:i{f-,x,p,q) - f{x)\ < M\ 


[n + m]p^q _ ^ 


U p q + P 


A + 


abr, 


U p^q T P 


'+cu(/';5) 


+ -Bn,p,q{a,/3) 


Choosing, 6 := (R„,p,g(Q;,we get the desired result. 


□ 


Example: 

Approximation of f{x) = x^ 

Approximation of x"^ G Ci+a;2[0, cx)) function within [0,0.1], obtained for n = 10, 8 with m = 1 and 
bn = {log n)^ is represented by the following hgure. 
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(p=0.9,q=0.8) Bernstein Stancu Schurer Chlodowsky polynomials with m=1 for 



It is clear from the figure that approximation is readily obtained for lower values of n using (p, q) variant 
of Bernstein-Stancu-Schurer-Chlodowsky polynomials in small dimension as it is required in quantum 
physics. 
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